Semileptonic transitions B → D (n) ℓν, where D (n) (n = 0) is a radially excited meson, have recently attracted much attention as a way to understand some puzzles between theory and data. Following closely the formalism of Falk and Neubert for the elastic case, we study the 1/m Q corrections to the heavy quark limit, in which the inelastic Isgur-Wise function vanishes at zero recoil, ξ (n) (1) = 0 (n = 0). We find simple formulas that involve the derivative ξ (n) ′ (1), and we propose a number of ways of isolating this quantity in practice. We formulate also a generalization to the inelastic case of Luke's theorem. On the other hand, although some 1/m Q HQET results are satisfied in the Bakamjian-Thomas relativistic quark model, we emphasize the problems concerning these corrections in this scheme.
Introduction
This note is devoted to the discussion of 1/m Q corrections in Heavy Quark Effective Theory (HQET) for the heavy quark current transitions between the ground state and radially excited states, e.g. B → D (n) (n = 0). These transitions have been the object of some attention in recent years, in the view of solving some puzzles of semileptonic B decays [1, 2] .
Rather detailed calculations of transition form factors to heavy meson radial excitations have been performed in Refs. [3, 4] in the framework of a relativistic quark model. See also Ref. [5] .
The IW function ξ (n) (w) for the transitions 0 → n satisfies the normalization condition ξ (n) (1) = δ n,0 ,
that expresses the normalization of the elastic IW function and the orthogonality between the initial and the final states for n = 0. Our purpose here is to study in detail the subleading 1/m Q corrections in HQET, following closely and in a straightforward way the paper by Falk and Neubert devoted to the elastic case [6] .
Form factors to radially excited states in
HQET including 1/m Q corrections
Besides the leading inelastic Isgur-Wise function ξ (n) (w) (n > 0), we consider the first order 1/m Q corrections, that are of two types, corresponding to corrections to the heavy quark current, and to corrections to the leading order HQET Lagrangian.
1/m Q corrections of the Current type
Consider first the leading and subleading corrections to the quark current
where Γ is a Dirac matrix. The matrix elements of the relevant operators read, in the matrix formalism of ref. [6] :
where A = γ 0 A † γ 0 is the Dirac conjugate matrix, B = P + (−γ 5 ), D = P ′ + (−γ 5 ) are given in terms of the projectors
, where v and v ′ are the initial and final four-velocities, D (n) (v ′ ) denotes the pseudoscalar D (n) or vector D (n) * final states, and the functions ξ
Following [6] , from the equations of motion and the matrix element of the divergence of the current one obtains
Taking the limit Λ (n) → Λ while keeping w fixed, one finds the results of the elastic case [6] , valid for all w, namely:
where we have omitted the superindex (0) corresponding to the ground state.
In the inelastic case, taking the limit of relations (7, 8) for w → 1, one obtains
1/m Q corrections of the Lagrangian type
There are two types of 1/m Q Lagrangian perturbations, depending on the insertion of the Lagrangian in the initial b quark or in the final c quark. Both types of perturbations, even in the case of the b insertion, depend on the radial quantum number n because the final state is radially excited :
where
where Γ is any Dirac matrix, and
with
2.3 Radially excited form factors at order 1/m Q Generalizing the notation of Ref. [6] , considering now radial excitations in the final state B → D (n)( * ) ℓν (n = 0 is the quasi-elastic case), the different form factors read, up to first order in 1/m Q : In terms of the functions defined above, one finds for the different functions
and for the functions L
.
Constraints on 1/m Q radially excited form factors
At order 1/m Q , in the transitions 0 → n with n = 0, we have many more form factors than in the elastic case. However, some constraints still exist on these form factors.
For the Current type form factors, we must emphasize the important corrections to heavy quark limit quantities:
and the constraints that follow from the equations (24,26) by eliminating the unknown functions ξ
(w), namely:
For the form factors of the Lagrangian type we do not have Luke's theorem [7] , but weaker generalizations of it.
Let us consider the transition between charmed pseudoscalars
through the elastic current cγ 0 c at zero recoil w = 1. From (18) one has
Recall that the different superscripts (b) and (c) mean simply that the initial and final states are different although the functions L
are independent of the heavy quark masses.
Since cγ 0 c is the c quark number operator and one has the normalization (1), relation (27) reads
It follows therefore
For the elastic transition n = 0
, and one obtains
Following [6] , considering likewise the transition between charmed vector mesons D * → D (n) * through the elastic current cγ 0 c at zero recoil w = 1, one has h (n)
which implies
i.e., L
For the elastic transition 0 → 0 one has
, and therefore
The equations (31,35) follow from Luke's theorem [7] , while relations (30) and (34) are the generalizations to radially excited inelastic transitions.
Summary of the constraints on 1/m Q radially excited form factors
To summarize, in all generality one has the following constraints on the 1/m Q corrections.
For the Current pertubations we have found :
The relations (36) imply, at zero recoil, for n > 0 :
On the other hand, we have found the linear relations
where the r.h.s. are given in terms of the functions (36). These relations imply at zero recoil :
(1) + 2L
(c)(n) 6
(1) ,
For the Lagrangian perturbations we have found the following generalizations of Luke's theorem :
For completeness we write here the corresponding relations in the elastic case :
A remark is in order here. The inelastic relation (37) is not symmetric in the exchange b ↔ c because the radial excitation occurs in the final charmed state. This gives an opposite sign between L
(1) and L (c)(n) 5
(1) for n > 0. This differs from the elastic case, for which one obtains (42) with L
Let us now compare the number of independent functions in the elastic B → D ( * ) and the inelastic cases B → D ( * )(n) (n > 0) . In the elastic case we have the leading IW function ξ(w), the three Lagrangian perturbations L i (w)(i = 1, 2, 3) and the three Current perturbations L i (w)(i = 4, 5, 6), that are reduced to one independent function, modulo the parameter Λ because of relations (42,43). This leaves the IW function, four subleading functions (say L 1 (w), L 2 (w), L 3 (w), L 4 (w)) and the parameter Λ. Because of Luke's theorem (44), at subleading order one is left at zero recoil with the three parameters L 3 (1), L 4 (1), Λ.
In the inelastic case we have a priori the inelastic IW function ξ (n) (w) and the twelve subleading functions L
, 6). The four relations concerning Current perturbations (36-38) reduce the functions L
(w), modulo the parameters Λ, Λ (n) . Summarizing, we have therefore the inelastic IW function
(w)(i = 1, 2, 3, 4). At zero recoil we have the generalization of Luke's theorem giving the relations between Lagrangian perturbations (40,41). One is left at zero recoil with the free parameters,
(1) together with Λ, Λ (n) and the derivative of the inelastic IW function at zero recoil ξ (n) ′ (1), giving a total of 9 independent free parameters.
3 Suggestions for the determination of the derivative at zero recoil ξ (n) ′ (1) (n = 0)
The IW function for the inelastic transition ξ (n) (w) (n = 0) vanishes at zero recoil, eq. (1). Therefore, it would be very interesting to have information on the derivative at w = 1, at least for the first radial excitation. We have a number of suggestions for this purpose.
(1) A first remark is the following. Using the second relation (37)
and (20,21) one has
Therefore, up to 1/m b corrections, this difference of form factors is proportional to ∆E (n) ξ (n) ′ (1), and could therefore give information on the derivative of the IW function at zero recoil.
Although difficult, one could in principle also envisage a lattice calculation of the difference of form factors at zero recoil (46) in the heavy quark limit for the B meson (m b → ∞), and thus isolate the desired quantity.
(2) Using the same argument, one could as well consider the ratio of the form factors, that gives
that could also provide ξ (n) ′ (1) up to higher corrections. For example, varying the masses m b , m c on the lattice, one could isolate this derivative.
(3) Another possibility would be to use the identities (3) (4) (5) , the definition (6) and the results (7, 8) . After some algebra, one finds for n ≥ 0 :
that gives, for the ground state n = 0 :
while for n > 0 one finds
Although difficult, a consideration of these matrix elements on the lattice could in principle help isolating the interesting quantity ∆E (n) ξ (n) ′ (1) for radial excitations.
(4) There is also a straightforward systematic method, namely to consider on the lattice a form factor like h (n) + (w) (18) and vary 1/m c , 1/m b to have access to the inelastic form factor, following the general argument proposed in ref. [8] . In this work, in the static limit for the b quark, h (n) + (w) has been clearly isolated for the first radial excitation, providing some information on this form factor. Of course, to get the derivative ξ (n) ′ (1) one would need to consider several values of w near the zero recoil point w = 1.
4 Subleading 1/m Q corrections for radial excitations in the BT quark model
As we have repeated on several occasions, the Bakamjian-Thomas (BT) relativistic quark model provides a covariant description of hadron wave functions in motion. On the other hand, the model provides also covariant current matrix elements in the heavy quark limit, that satisfy Isgur-Wise scaling and heavy quark sum rules of the Bjorken-Uraltsev type (see for example the recent paper [9] and references therein) . However, at subleading order in 1/m Q , the model is no longer covariant. We have examined this problem in detail for the elastic transitions Although the model is not covariant in general, we have found a number of encouraging results for the 1/m Q subleading form factors in the elastic case, However, we have found that serious difficulties appear for the inelastic transitions + . The most relevant ones concern subleading form factors that, at zero recoil, can be expressed in terms of level spacings and leading IW functions [11] . These relations, that are consequences of the QCD dynamics, are not fulfilled by the BT quark model scheme, as discussed in detail in [10] .
For the transitions to radial excitations 1 2
− (n = 0) we find a similar situation as for the orbital excitations. Unlike what we have done in great detail in [10] for the latter, we do not pretend here to compute the w dependence of the form factors including the next-to-leading 1/m Q corrections. We will restrict ourselves to some examples of subleading form factors at zero recoil that illustrate the situation in this case.
Let us consider the counterparts in the BT model of some relations for the subleading form factors within HQET, namely (30,34), that are generalizations to the inelastic radially excited case of Luke's theorem, and (37), that involve level spacings and leading order IW functions.
To isolate
(1) from (30) we need to consider the form factor to transitions to radial excitations h (n) + (w), that can be easily read from the generalization of (B1) of Ref. [6] :
Computing the form factor h (n) + (w) in the BT model, and making formally ǫ c = ǫ b we find at zero recoil the relation (30)
Considering now the transition B * → D * , with the vector current and longitudinal polarizations, one has similarly
Computing the form factor h (n) 1 (w) in the BT model, and making ǫ c = ǫ b we find at zero recoil the relation (34)
Therefore, the generalizations to the inelastic case of Luke's theorem are fulfilled in the BT model.
Let us now consider the second relation (37) concerning L (c)(n) 5
(1). To isolate this quantity it is convenient to use the relations that generalize (B2) and (B3) of ref. [6] :
We consider now the difference h
, from which we can isolate the ǫ c part by formally making m b ≫ m c . Performing the calculation of the form factors in the BT model under the same conditions, and along the lines of [10] , we find
Taking into account the normalization/orthogonality condition we have
(1) = − ∆E (n) + Λ δ n,0 (61) + 1 6π 2 p 2 dp p m 2 + p 2 ϕ (n) (p)
We obtain therefore, for the elastic case n = 0, since the second term cancels,
that we found already in the BT model in [10] , in agreement with the HQET result at zero recoil (42). However, for the inelastic radially excited case, n > 0, the first term in (61) vanishes, and we are left with the expression L (c)(n) 5
(1) = 1 6π 2 p 2 dp p m 2 + p 2 ϕ (n) (p)
(63) which is independent of ∆E and is therefore inconsistent with the relation (37) that we have obtained within HQET.
In conclusion, we find for the transitions to radial excitations 
Conclusion
Following the original work by Falk and Neubert for the elastic case, we have studied the 1/m Q corrections of form factors for semi-leptonic transitions between B mesons and radially excited D mesons. In particular, we have formulated a generalization of Luke's theorem in this inelastic case and some relations that involve the derivative of the inelastic Isgur-Wise function at zero recoil ξ (n) ′ (1) (n > 0). We have proposed some methods to isolate this quantity, that could thus be determined from physical form factors. On the other hand, we emphasize the successes and failures of the relativistic Bakamjian-Thomas relativistic quark model concerning these corrections.
